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Postbuckling Compressive Strength of Graphite/Epoxy
Laminated Cylindrical Panels Loaded in Compression

J. H. Kweon,* C. S. Hong,1^ and I. C. Lee*
Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

The postbuckling compressive strength and collapse phenomena of composite laminated cylindrical panels with
various fiber angles and width-to-length ratios are characterized by the nonlinear finite element method. For the
iteration and load increment along the postbuckling equilibrium path, a modified arc-length method in which
the effect of stress unloading due to failure can be considered is introduced. In the progressive failure analysis,
the maximum stress criterion and complete unloading model are used. Validity of present finite element results
are verified by experiment for [03/90]$ cylindrical panel and [0/90/± 45]$ plate. The postbuckling compressive
strength of composite laminated cylindrical panels is independent of the initial buckling stress but high in the panel
with large value of the bending stiffness in axial direction. In several of the cylindrical panels, it is observed that
the prebuckling compressive failures occur and directly result in collapse before buckling.

Nomenclature
A = cross-sectional area of cylindrical panel
DH = bending stiffness in axial direction
[D] = stiffness matrix in global coordinate system

= force-distribution vector
= tangent stiffness matrix

k = arc-length increment ratio
Per, Pcoi, Pcom = buckling stress, postbuckling compressive

strength, and prebuckling compressive strength
R,L,d,t = radius, length, width, and thickness of

cylindrical panel
Ti = surface traction
A, A, = increment, total summation of increment in a

load step
At = arc length
8 - variational operator
Sij - Green strain
A, = load parameter

Superscript

n = iteration number

Introduction

A DVANCED composite materials such as graphite/epoxy have
been widely used in aircraft and spacecraft structures due to

their design versatility as well as high specific stiffness and strength.
Since cylindrical panel is commonly used structural element, a great
number of studies have been conducted to characterize the mechan-
ical behavior of composite laminated cylindrical panels. Character-
ization of the buckling and postbuckling behavior has been the most
important topic.1'2

To design the composite cylindrical panel safely and efficiently,
two critical questions should be answered: the first question is when
buckling occurs, and the second question is when the structure col-
lapses. The first concern is with the buckling load and the other is
with the collapse load, namely, postbuckling compressive strength.
However, most of the previous buckling studies have been focused
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on the prediction of the initial buckling load and initial buckling
mode shape.3"8 Although a limited number of papers on postbuck-
ling behavior are available, they are either experimental studies or
do not consider the effect of failure on the postbuckling behavior.9'10

Only one paper, on the postbuckling progressive failure response of
the laminated flat plates was reported, by Engelstad et al.,11 and the
finite element method (FEM) or other numerical results for post-
buckling compressive strength of composite laminated cylindrical
panel under compression have not been found to this day. As a result,
in the authors' previous paper,12 as a preliminary work to answer the
second question on the postbuckling compressive strength, an im-
proved load-increment method based on the arc-length scheme was
presented, and the postbuckling behavior of composite laminated
cylindrical panels under compression was investigated without con-
sideration of failure effect.

In this paper, a progressive failure model is introduced into the
nonlinear finite element method and the postbuckling compressive
strength of graphite/epoxy laminated cylindrical panels under com-
pression is characterized. In the progressive failure analysis, the
maximum stress criterion and the complete unloading model are
used. Because it was found that the conventional arc-length meth-
ods can not be directly applied to the progressive failure analysis
using the complete unloading model, a new method to control the
arc length is presented for the postbuckling failure analysis. For the
finite element modeling of a laminated cylindrical panel, the shear
deformable eight-node degenerated shell element is adopted, and
the updated Lagrangian description method is used. The finite el-
ement results are compared with experimental results for [03/90]s
cylindrical panel and [O/ ± 45/90]s plate. As numerical examples,
postbuckling compressive strength and collapse characteristics of
[0/90/ ± 9]s laminated cylindrical panels with various fiber angles
and width-to-length ratios are predicted.

Finite Element Analysis
Nonlinear Finite Element Formulation

In the case of no body force, principle of virtual work at an arbi-
trary (n + l)st equilibrium state can be written in terms of increments
of the second Piola-Kirchhoff stress 5/; and the Green strain £/y tak-
ing the configuration at nth equilibrium state3

l i t (a/; + A5i,.)5(Aey)dV

- / / (Tf
n + A7;)S(A«,) dS = 0 (D

where oiheih 7}, w / , and 8 are the Cauchy stress, infinitesimal
strain, surface traction, displacement, and variational operator,
respectively.
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Elastic—perfectly plastic [16]

Degradation factor [17]

Complete unloading [15]

Strain

Fig. 1 Schematic diagram for various stiffness degradation models.

From Eq. (1), the finite element equation for the composite lam-
inated cylindrical panel is derived as

(2)

where

(KT] = [B"L]T[D"][B'*]dV

n+l} = f I I K]V

(3)

(4)

(5)

InEqs.(4)and(5),[£J, [BNL], {a }, and [a] can be found in Ref. 13.
Also, X and {Fo} are load parameter and external force-distribution
vector, respectively. [D] is the stress-strain relation matrix in the
global rectangular coordinate system.3

The finite element used is the eight-node degenerated shell el-
ement, and the first-order shear deformation theory is applied to
the element. Incremental displacement fields in the element are ex-
pressed as

Aw

Aw

A«,7

(6)
where £ ,77 , and £ are local coordinates in the element. Hn (£, 77), tn ,
and {AV/jf } are shape function, thickness, and increment of the
vector in the £ direction at the nth node, respectively.

Failure Analysis
In this finite element analysis, calculated stress is based on the

global Cartesian coordinate system. Therefore, the stress compo-
nents are to be transformed into the principal material direction
through the elemental coordinate system. Then, to estimate the fail-
ure in the principal material direction of each layer of each element,
the maximum stress criterion14 is applied to the average stresses;
therefore the failure modes can be known in the criterion. Also, to
conservatively estimate the postbuckling load-carrying capacity, it is
assumed that the stress corresponding to failure mode of each layer
is completely unloaded and the stiffness becomes zero. Concept of
the complete unloading failure model is shown in Fig. 1.

The failure is estimated once for one load step after the load step
converges, then the stress corresponding to the failure mode is un-
loaded instantaneously. Therefore, if failure occurs at a previous
load step, the unbalanced force due to the stress unloading is in-
duced, and the force equilibrium at the first iteration of present load
step is broken. For the postbuckling failure analysis, the effect of
the deformation due to the failure-induced unbalanced force should
be considered in the arc-length method.

• Failure point
O Post—failure equilibrium point

—— Equilibrium path
— Constant arc-length line
APF Failure-induced unbalanced force
A£F Arc-length corresponding to &PF

Displacement

Fig. 2 Schematic diagram for modified arc-length method.

Modified Arc-Length Method
In the conventional arc-length methods, the magnitude of total

deformation in a given load step {A,w} is determined by the arc
length A£ as14

and the incremental load-parameter AA"+1 at the (/? -f l)st iteration
is given by

- 4AC)/(2A) (8)

where A, B, and C are given in Ref. 18.
As mentioned earlier, in the analysis with consideration of the

stress unloading in the failed layer, the unbalanced force due to
the failure is induced as shown in Fig. 2. Then, in addition to the
deformation by the increment of external force, the deformation
due to the failure-induced unbalanced force occurs. Therefore, for
the incremental load-parameter to have the real solution, the arc-
length in Eq. (7) must be large enough to allow the deformation
corresponding to the failure-induced unbalanced force to occur. If
not so, Eq. (8) can not have the real solution. Nevertheless, in the
conventional arc-length methods, if Eq. (8) does not have the real
solution, it is recommended only to reduce the arc-length to A€' as

< 1 (9)

In this paper, if Eq. (8) has a negative discriminant, the magnitude
of the failure-induced unbalanced force {APF} and the arc-length
corresponding to the force AIF are calculated first,

(10)
Then, if the present arc-length is smaller than Alp [in which case
Eq. (8) has a negative discriminant], the arc length is increased to
Ar as

(11)

Ideally, the value of k is recommended to be equal to
However, k = l.l(A€/?)/(A-£) is recommended for the numerical
stability. In the present postbuckling failure analysis of laminated
cylindrical panels, most of the restarts after the first ply failure were
due to the failure-induced unbalanced force.

Experiment
As shown in Fig. 3, boundary conditions are clamped on the

curved edges and simply supported along the straight edges. To
meet these boundary conditions, two pairs of fixtures are fabricated.
Specimens are cured in an autoclave according to the manufac-
turer's recommended procedures. The specimens are machined to
150 x 157 mm in the longitudinal and circumferential dimensions,
respectively, and the ends of the specimens are machined flat and par-
allel to permit uniform compressive loading. The experimental setup
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u=const.
V=W=W,x = W,y=0

Table 1 Effect of element size on the buckling load of [02/902 Is
cylindrical panel using the symmetric boundary conditions

for a quarter

R/t=150, R=L=150mm
d/L=1.047, 0.524, 0.262

Fig. 3 Panel geometry and boundary conditions.

Fig. 4 Experimental setup.

is shown in Fig. 4 and INSTRON (model 1350) is used for the test.
One side of each specimen is painted white to reflect light so that the
shadow moire technique could be used to monitor the out-of-plane
displacement patterns of the specimens during the experiments.

Results and Discussion
Problem Description

Composite cylindrical panels considered as numerical examples
have the stacking sequence of [0/90/± 0]s, with various fiber angles
on 0 and width-to-length ratios. The fiber angle 0 is defined as the
counter-clockwise angle from the longitudinal axis of the panel.
Both the radius of curvature and the panel length are 150 mm, and
the panel thickness is 1 mm. The material properties used are for
P3051 graphite/epoxy as

£1 = 127.8 GPa, E2 = E3 = 9.4 GPa, Gn = G13 = 4.2 GPa

G23 = 3.1GPa

y12 = y13 = 0.28, v23 = 0.52

XT = 1726 MPa, Xc = 1051 MPa, YT = 61 MPa

Yc = 141 MPa, 5 = 61 GPa

where E\, £2, and £3 are Young's moduli in the first, second, and
third direction, respectively. Gn, GB, and G23 are the shear moduli
and vn, VB, and v23 are Poisson ratios. X and Y are the strengths
in the first and second direction, respectively. Subscripts T and C
represent tension and compression, respectively. S is in-plane shear
strength.

For [03/90]5 cylindrical panel and [0/± 45/90]s plate, the follow-
ing material properties are used for the comparison with the exper-
iment and the panel thickness is 0.9 mm measured from specimen.

EI = 130.0 Gpa, E2 = £3 = 10.0 Gpa, Gn = G13 = 4.85 Gpa

G23 = 3.62 Gpa

y12 = y13 =0.31, V23 =0.52

XT = 1933 MPa, Xc = 1051 MPa, YT = 51 MPa

Yc = 141 MPa, S = 61 Gpa

Mesh 3x3 4x4 5x5 6x6 7x7 8x8 9x9

No. of active DOFs 123 224 355 516 707 928 1179
Pcr/A,MPa 147.3 133.8 127.1 124.4 123.5 123.2 123.1
Pcoi/AMPa 204.6 182.5 171.5 159.0 145.2 142.0 141.4

Pcr: Buckling load. Pco/: Collapse load. A: Area of cross section.

200 r

0.0 0.6 0.9

u/L (x100)

Fig. 5 Load-shortening curve of [03/90]$ composite laminated cylin-
drical panel under axial compression.

The number of elements used for the finite element analysis are
16 x 16, 16 x 8, and 16x4 for the cylindrical panels with width-to-
length ratios of 1.047, 0.524, and 0.262, respectively, which were
determined by the results of mesh convergence test as shown in
Table 1.

Validation of Numerical Results
Figure 5 shows the finite element and experimental load-

shortening curves of the [0/903JS cylindrical panel. FEM1 rep-
resents the model without consideration of the effect of failure.
Therefore, the stiffness degradation due to failure is not found, and
the postbuckling load-carrying capacity is overestimated compared
with the experiment. In FEM2, it is assumed that the stiffness of
the failed layer becomes zero, but the stress carried when failure
occurs is retained after the failure. Therefore, the gradient of the
load-shortening curve is a little degraded with propagation of fail-
ure; nevertheless, the postbuckling load-carrying capacity is over-
estimated compared with experiment.

In the present model, the stress and stiffness corresponding to
the failure mode are set to be zero. As shown in Fig. 5, the re-
sult of the present model is well correlated with the experiment
with differences of 11% in buckling stresses and 3.1% in postbuck-
ling compressive strength. It is presumed that the difference in the
buckling stresses is due to the imperfections in geometry, material,
boundary condition, and alignment. Because effects of the initial
imperfections are decreased as the deflection becomes large, the
difference in the load-shortening curves is reduced. Figure 6 shows
the deflection contours by the finite element method and the moire
fringes at the points A and B. Owing to the large difference between
the bending stiffness component in axial direction Dn and circum-
ferential bending stiffness D22 a deflection wave is formed in the
axial direction at point A. As the deformation progressed, the con-
tours developed to the straight edges with circular shapes. Figure 7
shows the load-shortening curves of the [0/± 45/90]s laminated
plate. There is some discrepancy after the point of postbuckling
compressive strength between the finite element result and experi-
mental result because the failure model used in this paper can not
consider the delamination-induced local buckling. However, in the
experiment, the instantaneous collapse by the delamination-induced
local buckling occurred. Therefore, the finite element result shows
some discrepancy from the experimental result. Figure 8 shows the
postbuckled deformed shapes at the point A in Fig. 7.
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300

FEM Experiment

a) Point A

FEM Experiment

b) Point B

Fig. 6 Contour plots of deflection, w by the finite element analysis, and
moire fringe patterns for [03/90]$ cylindrical panel.

120

0.0 0.3 0.6 0.9 1.2 1.5

u/L (x100)

Fig. 7 Load-shortening curves of [0/± 45/90]$ laminated plate under
axial compression.

FEM

Fig. 8 Contour plots of deflection, w at point A by the finite element
analysis, and moire fringe patterns for postbuckled [O/±45/90]$ lami-
nated plate.

Postbuckling Compressive Strength
Figure 9 shows the buckling stress Pcr/A, postbuckling com-

pressive strength Pcoi/A, and the ratio of postbuckling compressive
strength to buckling Pcoi/Pcr for the [0/90/± 0]s laminated cylin-
drical panels with d/L = 1.047. The parametric study was con-
ducted for 0 of 0, 15, 30, . . . , 90 deg with a 15-deg interval. The
initial buckling stress has the maximum value at 0 = 45 deg and
the minimum value at 9 = 0 deg among the considered fiber angles.
This shows that the buckling stress is the maximum at 9 = 45 deg
and becomes smaller as the fiber angle 0 distances from 0 = 45
deg. However, the postbuckling compressive strength is indepen-
dent of the initial buckling stress. It has the maximum value at
0 = 0 deg, and becomes smaller as the fiber angle 0 distances from
0 deg. This result means that the postbuckling compressive strength
of the composite laminated cylindrical panel is largely dependant
on the bending stiffness component in the axial direction D\ \. Also,
the ratio of postbuckling compressive strength to buckling stress is
greater than 1 at 0 = 0 and 15 deg. This means that the cylindrical
panel with the large value of bending stiffness in the axial direction

2.

<P

15 30 45 60

0 (degree)

75 90

Fig. 9 Buckling stresses, postbuckling compressive strength, and the
ratios of postbuckling compressive strength to buckling stress for
[0/90/± 0]s laminated cylindrical panels, d/L = 1.047.

300

240 -

180

120

60

[0/90/02]s

d/L=1.047
R/t=150
t=1 mm
L=150 mm

FMF : First matrix failure
FSF : First shear failure
FFF : First fiber failure

0.0 0.3 0.6 0.9
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Fig. 10 Load-shortening curve for [0/90/02 ]s composite laminated
cylindrical panel, d/L = 1.047.
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0.0 0.6 0.9
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Fig. 11 Load-shortening curve for [0/90/ ± 45]s composite laminated
cylindrical panel, d/L = 1.047.

can carry a load greater than the initial buckling load. Therefore,
the safety factor for designing the composite laminated cylindrical
panel should be determined with the consideration of the postbuck-
ling strength-to-buckling stress ratio Pcoi/PCr-

Figures 10 and 11 show the load-shortening curves for the lam-
inated cylindrical panels with fiber angles 9 = 0 and 45 deg. As
expected, the cylindrical panel with 9 = 0 deg supports a load
greater than the initial buckling load, and the cylindrical panel with
0 = 45 deg experiences the first failure just after the buckling and
collapses at the load extremely lower than the initial buckling load.

Figure 12 shows the buckling stress Pcr/A, postbuckling com-
pressive strength PCO//A, and the ratio of postbuckling compres-
sive strength to buckling Pcoi/PCr for the [0/90/± 9]s laminated
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Fig. 12 Buckling stresses, postbuckling compressive strength, and the
ratios of postbuckling compressive strength to buckling stress for
[0/90/± 0]s laminated cylindrical panels, d/L = 0.524.
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Fig. 14 Buckling stresses, postbuckling compressive strength, and the
ratios of postbuckling compressive strength to buckling stress for
[0/90/± 0]s laminated cylindrical panels, d/L = 0.262.
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[0/903]s
d/L=0.524
R/t=150
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L=150 mm

FMF : First matrix failure
FSF : First shear failure
FFF : First fiber failure
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Fig. 13 Load-shortening curve for [0/903 ]$ composite laminated cylin-
drical panel, d/L = 0.524.

FMF : First matrix failure
FSF : First shear failure
FFF : First fiber failure
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Fig. 15 Load-shortening curve for [0/90/± 75]$ composite laminated
cylindrical panel, d/L = 0.262.

cylindrical panels with width-to-length ratio, d/L — 0.524. The
trend of buckling stress is similar to the cylindrical panels with
d/L = 1.047. However, the effect of fiber angle 9 on the buckling
stress is smaller than in the cylindrical panel with d/L = 1.047. Fur-
thermore, the maximum buckling stress is obtained at 0 = 60 deg.
This means that the effect of circumferential bending stiffness D22
on buckling stress is enlarged in the cylindrical panels with small
width-to-length ratio. Because of the effect of constraints along the
straight edges the magnitude of the buckling stress is greater than
in the cylindrical panel with d/L = 1.047. However, even in the
cylindrical panels with d/L = 0.524, the postbuckling compres-
sive strength is independent of the buckling stress, and dominated
by only one parameter, namely, bending stiffness in the axial direc-
tion Dn. Also, the ratio of postbuckling strength-to-buckling stress
shows a trend similar to the cylindrical panels with d/L = 1.047. An
especially interesting result is obtained at 0 = 90 deg. As shown in
Fig. 13, in the [0/903]5 cylindrical panel, the first fiber failure occurs
just after passing the buckling point, and it results in the collapse.
In this case the buckling means the collapse.

Figure 14 shows the results for slender [0/90/± 0]s cylindri-
cal panels with d/L — 0.262. As shown in the figure, the maxi-
mum buckling stress is obtained at 9 = 90 deg, and followed by
60, 75,45, 30, 15, and 0 deg in order of their magnitude. This result
shows that as the width-to-length ratio becomes smaller, the effect
of circumferential bending stiffness D22 on buckling stress is en-
larged. In the [0/90/± 9]s cylindrical panels with 0 greater than
45 deg, it should be noted that prebuckling static compressive fail-
ure occurs before the buckling and directly results in catastrophic
structural failure. The prebuckling compressive failures occur just
before the buckling when 0 = 45 deg and at the stress of 85% of
buckling stress when 0 = 60, 75, and 90 deg. This phenomena con-
tradicts common sense in that the shell structure subjected to the
axial compression usually has buckling stress lower than the static

compressive strength. Therefore, in designing the cylindrical panels
with high buckling stress, the static compressive strength should be
considered. Figure 15 shows the typical load-shortening curve of
[0/90/± 75] 5 cylindrical panel which has prebuckling compressive
failure. The postbuckling compressive strength of the cylindrical
panels in which the prebuckling compressive failure is not found is
determined by the axial bending stiffness D\\.

Conclusions
A modified arc-length method combined with the most conser-

vative progressive failure model was introduced into the nonlinear
finite element method. The finite element analysis was performed
to characterize the postbuckling compressive strength of laminated
composite cylindrical panels. The numerical results were compared
with experimental results for a [03/90]s cylindrical panel and a
[0/± 45/90]s plate and show excellent agreement with [03/90]5
cylindrical panel. In the [0/± 45/90]5 plate, some difference was
obtained after collapse due to the delamination of the specimen.

The buckling loads of [0/90/± 0]s cylindrical panels were greatly
affected by the fiber angle 0 and width-to-length ratio, but the post-
buckling compressive strength is dominated only by the bending
stiffness in axial direction. In several cylindrical panels with small
width-to-length ratio, prebuckling compressive failure was detected.
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